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3 Determination of Sample Statistics 
 
3.1 Tabular Display of Measurement Values 
 
Before conclusions about the population can be drawn from a sample, the sample data 
must be structured either in tabular or in graphic form. 

In a statistical investigation, the observed data is usually recorded in the order in which 
it occurred. The data thus recorded is known as raw data. 
 

Table 3.1-1 shows a series of measurements consisting of 138 measurement values. 
 

 

Table 3.1-1: Example for a calculation of statistical key figures 
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The following figures show further representations of measurement series in various 
levels of detail. Figure 3.1-1 displays the values, a consecutive numbering, date/time 
and additional data such as batch number, operator and machine number. When 
analyzing data, this additional information is quite helpful. It is also possible to enter 
other process parameters in the table. 
 

 
Figure 3.1-1: Individual values with additional data 

Figure 3.1-2 summarizes the values of each sample. The sample size amounts to n = 5. 
Figure 3.1-3 contains the same values but sorts them in ascending order. 
 

 
Figure 3.1-2: Individual values (by subgroups) with date/time  
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Figure 3.1-3: Individual values in ascending order 

 
Figure 3.1-4: Individual values with bar chart  

For a better visualization of individual values, a bar chart displaying the respective 
values is useful. Due to these charts, it is easier to identify values within and outside the 
specification limits. These limits are standardized. Values outside the specification limits 
should be displayed in another color. As an alternative, other symbols such as smileys 
or arrows may indicate limit infringements. However, this display is not possible when 
no or only one specification limit is defined. 
 
Note 

This "graveyard of numbers" is not very illuminating and it conveys very little message. 
It is more useful to calculate statistical values from the data which describes the entire 
series of measurements taken. The next paragraph gives an overview of sample 
statistics. Certainly there are more statistical values in statistics. The ones mentioned 
here are particulary used in machine qualification and process qualification. 
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Statistics and statistical values frequently used in machine and process qualification are 

• size of the measurement series n 
• arithmetic mean x 
• median (central value) ~x  
• sample variance s² and standard deviation s 
• range R 
• minimum and maximum value xmin, xmax 
• proportion exceeding α 
• kurtosis b2  
• excess g2 
• skewness g1 
• capability indices Cm, Cmk, Pp, Ppk, Cp, Cpk, Tp

1, Tpk
1 

• quantiles and percentiles 
• coefficient of variation 
• confidence intervals for averages, variances, capability indices and proportion 

exceeding 
 
These statistics give, amongst other information, answers to the following questions: 

• Where is the average of the sample located (measure of location)? 
• How widely are the values of the sample dispersed (measure of dispersion)? 
• What percentage of values may be expected to lie outside specification limits? 
• Is the normal distribution model suitable as a basis for determining capability? 
• Are the production facilities or production processes capable? 

 
The statistics may be determined by means of a pocket calculator or using graphical 
methods (e.g. probability paper). The use of computers is of great assistance in this 
process. This is true in particular 

• for large quantities of data. 
• for complex statistics. 
• for correct assessment of the available facts. 
• for automatic monitoring of the process using statistical parameters. 
• when comparing different methods. 

 
Note 
Use validated software in order to make sure that the calculated results and their 
display can be applied without questioning their correctness. 
 
 

                                            
1 The abbreviation “T“ is used frequently for the capability index if process stability is not confirmed (see 
chapter 9). 
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3.2 Important Statistics of Measurement Series 
 
Arithmetic Mean 

The most important measure of location is the arithmetic mean x (or average) of the 
data. 
 
It is given by: 

sum of sample valuesx
number of sample values

=

            x
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1x

n

1i
i∑

=
=  

 

 n = sample size 
 i = 1, 2, …, n 
 xi = characteristic 
 
 
Geometric Mean 

The geometric mean is calculated from: n
n21G xxxx L⋅=  

Alternatively, it may be calculated using the logarithmic approach 

 
n
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= ∑  

 
Median (Central Value) 

The median value x~  is the value of the sample which divides the measured values, 
once these have been sorted by size, into two equal parts, such that the same number 
of observed values lies above it as lies below it. 
 
For an even number of observed values, the median is calculated as the average of the 
two values lying in the middle of the sorted values. 

( )mx x=%
 2

1nm +=  (n → odd) 

( ) ( )[ ]1mm xx
2
1x~ ++=

 2
nm = (n → even) 

 
Extreme values (outliers) have less effect on the median than on the arithmetic mean x .  
 
As an alternative, the median value may be calculated by means of the respective time-
dependent distribution model: 

 50%x Q=%  
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Variance  and Standard Deviation 

The sample variance is a measure of the spread or variation of the measured values. 
Its symbol is s2 and it is defined by the following formula: 
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The positive square root of the sample variance is denoted as the sample standard 
deviation: 

2ss +=  

The factor "n-1" is known as the number of degrees of freedom. This is based on the 
fact that if, for example, the average (note the presence of the sample average in the 
above formula) of three measured values is known, then if two values are freely chosen, 
the third is automatically given from knowledge of the average. For n measured values 
whose average is known, only n – 1 values may be freely chosen. For n → ∞ (large 
sample sizes) this difference becomes insignificant.  
 
The calculation of averages and standard deviations may also be performed on the 
basis of classified values. This results, of course, in some loss of information. 
 
 
Range 

The range R of a sample is, like the sample variance, a measure of variation. But in 
contrast to the sample variance, the range is very easy to determine. It is simply the 
difference between the maximum and minimum value of the sample. 

R = xmax - xmin 
xmax  = maximum value 
xmin  = minimum value  

 

The range is of course highly affected by extreme values (e.g. outliers) and is 
dependent on the sample size. 
 
 
Coefficient of Variation 

The coefficient of variation v is used for purposes of comparison and it is determined 
as the ratio between the standard deviation and the average. 

v = 
x
s    for x  ≠ 0 

 
The relative coefficient of variation Vr is calculated as follows: 

vr = 
s 100
x

⋅     (in %) for x  ≠ 0 
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Spread Factor 
The spread factor z is determined as the following ratio: 

z  = 
R
x

   for x  ≠ 0 

 
 
Skewness, Asymmetry 

A unimodal (single-peaked) distribution may be skewed to the right (positively skewed) 
or skewed to the left (negatively skewed). The statistic g1 is a measure which gives 
information about the direction and magnitude of the skewness. 
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where i = 1, 2, 3, ... 

If g1 = 0, the distribution is symmetrical. The more clearly the value is positive, the more 
the distribution is skewed to the right. The more clearly the value is negative, the more 
the distribution is skewed to the left. 
 

   
a) Left skewed/right steep   g1 = -0,8081020 b) Right skewed/left steep   g1 = 1,6248261 

Figure 3.2-1: Skewness depending on the distribution type 

 

Excess and Kurtosis  

Excess is a measure which shows, for a unimodal distribution, whether the highest 
point of the distribution curve is higher than that of a normal curve with the same 
standard deviation. In other words, it tells us whether the distribution has a steep peak 
or a flat peak. The theoretical kurtosis value for a normal distribution is 0. If g2 > 0, the 
absolute maximum of the distribution curve is greater than for the equivalent normal 
distribution; if g2 < 0, it is smaller. Frequently, the term kurtosis is used. Excess g2 
equals kurtosis b2 minus 3. 
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Kurtosis: 2
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where i = 1, 2, 3, ... 
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The larger the kurtosis value, the steeper the sides of the peak, and vice versa. 
 

    
a) Flat peak  b2 = 1,9274760 b) Steep peak  b2 = 5,84657 

Figure 3.2-2: Kurtosis depending on the distribution type 

Note: If the values for skewness and kurtosis differ substantially from 0 (or 3), this gives 
a hint that the population is not normally distributed. For this purpose, these parameters 
are included in numerical test procedures. 
 
 
Proportion Exceeding and Quantile 

The proportion exceeding states what percentage of the measurement values can be 
expected to lie below or above a given reference value (see also chapter 5.2.2). If this 
reference value is equal to a specification limit, then the result gives the non-conforming 
proportion above or below the specification limits. 
 
To enable better comparisons of results, a value may be determined below or above 
which a selected percentage of values are to be found, e.g. the value below which lie 
5% (and above which lie 95%) of the values. Such values are called quantiles. 
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Capability Indices  (Normally Distributed Series of Measurements) 

In a short-term capability study (see Figure 9.2-3) the capability index is often referred 
to as machine capability index.  
 
This is found in: 

m
USL LSLC

6 s
−=
⋅

 
 

with USL  =  upper specification limit 
LSL  =  lower specification limit 
s  = standard deviation 

 
This value, sometimes also referred to as potential, does not take into account the 
location of the process data in relation to the specification limits. 
 
Hence critical values for the upper and lower specification limit have been defined 
 for LSL for USL 

 lo
x LSLC

3 s
−=

⋅
 up

USL xC
3 s

−=
⋅

  

 
 x =  average of the measurement values 
 s =  standard deviation of the measurement values 

 
The smaller of the two values is taken as the critical one and abbreviated to Cmk: 

 { }mk lo upC min C ; C=  

 

    
Figure 3.2-3: Capability index definition  

These two values must not fall below a specified lower limit. This limit differs from 
company to company. 

- LSL
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The formula leads to reliable capability indices only when the measurement data is 
normally distributed. Otherwise a suitable mathematical description of the measurement 
data must be found. Calculation of the capability indices is then carried out by means of 
other formula. These are dealt with in chapter 9. 
 
Example: Determination of Machine Capability Indices 

A measurement series of n = 50 parts of the external diameter (specification 
requirement 60 ± 0.1 mm) has resulted in a set of recordings with an average x  = 
59.95 mm and a standard deviation s = 0.01 mm. 
 
From 60 ± 0.1 mm we have: 
lower specification limit LSL = 59.9 mm  
upper specification limit USL  = 60.1 mm 
 

{ } { }

m

lo

up

mk lo up

USL - LSL 60.1 59.9C 3.33
6 s 6 0.01

x - LSL 59.95 59.9C 1.67
3 s 3 0.01

USL - x 60.1 59.95C 5.00
3 s 3 0.01

C min C ; C min 1.67; 5.00 1.67

−= = =
⋅ ⋅

−= = =
⋅ ⋅

−= = =
⋅ ⋅

= = =

 

 
Figure 3.2-4 explains the calculation method. 
 

   
Figure 3.2-4: Capability index calculation example  

Figure 3.2-5 and Figure 3.2-6 show process distributions with differing location and 
variation measures and the resulting effects on the capability indices.  
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1 s.

x

59.9559.9 60.1
Measurement value in mm

Fr
eq

ue
nc

y

C     = 1.67lo C      = 5.0up

x-LSL USL-x

3·s



50 3  Determination of Sample Statistics   
 

Figure 3.2-5: Centered process 
with acceptable spread  

Regarding the process location, 
this process can be considered as 
good. The average equals the 
target value which means that the 
Cm value is identical to the Cmk 
value. The Cm value of 1.67 
denotes that 99.9937% of the 
values lie within the specification 
limits. The error proportion to be 
expected amounts to 0.0073%. 

Figure 3.2-6: Noncentered process with acceptable 
spread  

In this process, the process 
location deviates strongly from the 
target value. Thus the Cmk value 
becomes smaller. The average is 
shifted upwards. This leads to the 
conclusion that there will not be 
any values below the lower 
specification limit (LSL). However, 
the error proportion at the upper 
specification limit increases 
considerably.  The Cmk value of 
1.0 suggests an error proportion 
amounting to 2.3%. 
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 Figure 3.2-7: Noncentered process with exceeding 
spread  

Regarding the process location 
and the variation, this process can 
be considered as inappropriate. 
Even if the function was not shifted 
to the right, the Cm values of 0.52 
would suggest an error proportion 
of 4.5%. This percentage becomes 
even higher because the average 
is shifted towards the target value. 

The four typical cases are summarized in Figure 3.2-8. We can see the impact of 
different process locations and variations on the capability indices Cm and Cmk there. 
 
 

Spread OK OK n.OK n.OK 
s 2 2 5 5 
Location OK n.OK OK n.OK 
x 20 14 20 14 
Capability OK n.OK n.OK n.OK 
Cm 1.67 1.67 0.67 0.67 
Cmk 1.67 0.67 0.67 0.267 

Figure 3.2-8: Capability indices depending on process location and spread 
 OK = in order n.OK = not in order 
 
 
 

C     = 0.52m
mkC     = 0.33

target
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LSL USL
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3.3 Display of Statistical Values  
 
The results displayed in Figure 3.3-1 are based on the individual values in Table 3.1-1 
and take into account the specification limits USL = 22.1 mm and LSL = 22.0 mm. 
 

 
Figure 3.3-1: Statistical values 
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The representation of results displayed in Figure 3.3-2 has proved to make sense for 
the evaluation of characteristics. The illustration includes important results sorted by 
topic. 
 

 
Figure 3.3-2: Numerical results  

The table of results contains the following columns:  
• drawing values  
• measurement values  
• statistical values 

The results relate to one another. It is useful to compare the minimum value to the lower 
specification limit or the range and the process spread of 99.73% to the tolerance limits. 
Particularly bar charts displaying the capability indices help to compare and evaluate 
the results and the target values. 
 
Drawing Values 

This column displays the target value Tm (tolerance middle), the upper and lower 
specification limit (USL, LSL) and the tolerance T. 
 
Measurement Values 

This column contains the maximum value and the minimum value xmax and xmin as well 
as the range. Information like the number of values within the tolerance limits and above 
the upper or below the lower specification limit as well as the sample size are useful.  
 
 
 

Process location

Extreme values

Process spread

Number of values inside 
and outside the tolerance

Total number of values 

Distribution model

Calculation method

Quality capability indices 
with confidence ranges
open interval)

Assessment of the study

Total values in study
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Statistical Values 

A typical statistical value for process location is the average and for process variation 
this is the process spread of 99.73%. In case of normal distribution, the interval 
( ) ( )s3xs3x −−+  represents the process spread of 99.73%. When the function is not 
normally distributed, the Qun3  0.135% point and Qob3  99.865% point quantile 
describe the process spread. The percentage of the values within the limits, above the 
upper or below the lower specification limit are displayed. The number of values is 
important because it serves as the basis of the statistical results. This number is 
denoted by neffective. When the evaluation includes all values, neffective equals ntotal.  
 
Texts or arrows show whether the process is quality-capable or not. This decision is 
made due to a comparison between the results and the requirements. 
 
Parts Protocol 

When the recorded data of one part includes several characteristics, the individual 
values can be displayed by means of a parts protocol (Figure 3.3-3) and the results may 
be found in a table. 
 

 
Figure 3.3-3: Parts protocol 

The parts protocol contains more than characteristic numbers and characteristic 
descriptions. It includes the measurement values and their location as well as the 
difference between the measurement value and the average ( x), between the 
measurement value and the tolerance middle Tm and between the target value and the 
nominal. We can only calculate these differences when both specification limits, the 
target value and the nominal are defined. 
 
Characteristic Summary 

Figure 3.3-4 presents a table containing results. This table also shows the characteristic 
number, the characteristic description, the specification limits, the maximum and 
minimum values and the evaluated data of the measurement series. The displayed 
statistical values are the average ( x), the standard deviation (s) and the quality 
capability indices (Cp, Cpk).. 
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Figure 3.3-4: Summary of numerical results 

It is advantageous when the lines of the table can be sorted by different criteria such as 
“in ascending order“ or “by Cp values“ (Figure 3.3-5). 
 

 
Figure 3.3-5: Numerical results sorted by Cp in ascending order 

Part Summary 

The numerical results can be displayed for several characteristics or for several parts 
(Figure 3.3-6) In the part summary, we may also sort the parts in order to distinguish 
between “better parts” and “worse parts”. 
 

 
Figure 3.3-6: Numerical results from multiple parts  
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Subgroup Statistics 

The subgroup statistics are often important. Figure 3.3-7 displays the subgroup number, 
the minimum and maximum value, the average, the median, the range and the standard 
deviation. 
 

Sub-
group 

Minimum 
value 

Average Median Maximum  
value

Range Standard  
deviation

  
Figure 3.3-7: Subgroup characteristics  
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There are more possibilities to display the table of measurement values and results. 
The content of these tables should always focus on the respective task. However, we 
need to keep in mind that too many columns may irritate the reader. 
 
Note 

The tabular display of measurement values and results is important and necessary in 
order to understand the actual situation completely. However, we cannot detect 
particularities or sharp deviations by means of tables so that we should prefer the 
visualization of measurement values and results. Observers can quickly detect an 
outlier in the graphical display of individual values whereas they might easily overlook it 
in a column of figures. It is almost the same case for the evaluation of actual situations 
by means of capability indices, particularly when many characteristics have to be 
evaluated at the same time. When the results have a different color than the 
requirements (e.g. green, yellow and red, see Figure 4.10-1) it is easier to evaluate 
them. Sometimes we may even sort them by color such as red, yellow and green. 
Chapter 1 gives typical examples for these graphics. 
 
 




